Introduction
1 In the context of the dynamic analysis of the articulated mechanisms it is usual to neglect friction effects in the kinematic pairs. However, when calculation of performance, accurate dynamics or power consumption is required, friction in the kinematic pairs needs to be considered.
The accurate calculation of friction forces and moments (by inverse dynamics) in the kinematic pairs of articulated mechanisms results in a complex procedure (Baranov, 1979) . The problem complexity is due to the non-linear character of the required models. A graphical iterative solution to the problem of inverse dynamics (kinetostatics) of planar mechanism taking into account friction was proposed by Artobolevski (1988) . This solution is limited by its graphical nature. This paper presents a practical alternative to the kinetostatic analysis of second-class mechanisms with rotational pairs allowing for friction in the kinematic pairs. The developed approach is based on the modular concept developed by Assur (1916) for the analysis of planar mechanisms by its structure. The approach corresponds to a chain-based general purpose program in terms of computer aided analysis of mechanical systems (Hansen, 1996) . Major advantages of chain-based general purpose programs are flexibility and computer efficiency, being possible to analyze a great variety of mechanisms (Hansen, 1996) . To develop a modular approach it is necessary to codify independent analytical solutions (modules) for a number of kinematic chains with a special condition (Assur groups) . The analysis of a particular mechanism is performed assembling the modules corresponding to the driving mechanisms and Assur groups forming the mechanism.
A methodology to obtain a kinetostatic model allowing for kinematic pair friction for any structural group is proposed. The proposed methodology is applied to the kinetostatic modeling of the second-class first-type Assur group. A four-bar mechanism formed by a driving rotational mechanism and a second-class firsttype Assur group is used as a case study of the modular 
= drive input torque of a driving mechanism, Nm
General-purpose methods are codified as libraries without any specific mechanism, but including the necessary elements to virtually assembling a mechanism. GP libraries could be developed over the kinematic joint concept or over the kinematic unit concept. For planar mechanisms a kinematic unit corresponds to a structural group or Assur group.
For joint based GP programs the library contains a number of kinematic joints and bodies. Multi-body system (MBS) dynamics became the basis of joint based programs for dynamic analysis of planar and spatial mechanisms. A modern tendency in MBS dynamics is to develop modular methods and hierarchical simulations (Schiehlen, 1997; Eberhard and Schiehlen, 1998; Kubler and Schiehlen, 2000) . For planar linkages (Pennestri, Valenti and Vita, 2007 ) present a MBS dynamic simulator that allows (Dahl) friction in the kinematic pairs. Dynamics of a planar rigid-link mechanism with rotating slider joint and simplified friction calculations are presented in Marghitu (2003, 2004) . In Larochelle and McCarthy (1992) , a specific case of static analysis of spherical closed chains allowing for joint friction calculations was developed. The estimation of friction is developed using a successive approximation method; however, with respect to the approach presented here the methodology requires to formulate a new set of equations for each new mechanism structure to be analyzed.
GP Programs Based on Kinematic Units
Libraries developed using the kinematic unit GP approach contain a number of kinematic chains with a special characteristic such that they can be assembled in a way to form a mechanism. In the case of planar chains, such a characteristic corresponds with the definition of Assur group. The most important feature of this kind of programs is that it comprises the advantages of both SP programs and joint based GP programs; Hansen (1996) lists them as: computational efficiency and flexibility.
Kinematics of mechanisms by a kinematic unit GP approach is reported by : Cavic, Kostic and Zlokolica (2007) , who present an iterative method for the forward kinematics of high-class Assur groups by decomposing it into dyadic (second-class) forms; Zhang, Zou and Guo (2006) , who develop a virtual searching method for the position analysis of higher-class Assur groups; Buśkiewicz (2006) , who presents a general and optimal numerical method to calculate the kinematics of a mechanism when its structural classification is given; Mitsi, Bouzakis and Mansour (2004) , Mitsi et al. (2003) and Mitsi (1999) , who develop a position analysis in polynomial form of Assur groups of class 4 and 3 including some prismatic joints; Calle, Quintero and Díaz (2001) , who research a modular approach for the kinematic analysis of mechanisms; and Han, Liao, and Liang (2000) , who analyze the position of a eightlink Assur group using a vectorial technique.
GP programs based on kinematic units for kinetostatic analysis (inverse dynamics) of mechanisms were developed by Durango (2007) , Marghitu and Crocker (2001) , and Molian (1984) for second-class mechanisms, and Bràt and Lederer (1973) for second and third-class mechanisms. Friction in the kinematic pairs is neglected in those works.
Dynamics of mechanisms by a kinematic unit GP approach is reported by : Wang, Lin, and Lai (2008) , who present a method for the dynamic analysis of planar mechanisms using Assur groups and a state space formulation of the dynamics; Hansen (1996) , who develops a general method for the dynamic analysis of mechanisms using a modular approach based on the concept of neutral (Assur) and expansion modules. There are no kinematic pair friction considerations in these programs.
The present article proposes an analytical, but practical method to the inverse dynamics of Assur groups allowing for friction in the kinematic pairs. The analytical and modular form of the method allows it to develop a modular approach for the kinetostatic analysis of planar mechanisms.
Methodology
Methods of kinematic, inverse and forward dynamic analysis based on structural groups are general and modular. A structural group can be identified as a kinematic chain without degrees of freedom with respect to the links which forms pairs with it, and such that it is not possible to divide it in simpler chains with the same characteristic (Calle, Quintero and Díaz, 2001) . The analysis of a structural group can be established independently and then codified as a computer function or module of a library. The variety of mechanisms that could be analyzed within a library depends on the number of modules that the library contains. However, most of the industrial mechanisms are formed by combinations of firstclass (driving) mechanisms ( Fig. 1 ) and second-class structural groups (Fig. 2) . In inverse dynamics we assume that the laws of movement of the driving mechanisms are given. Therefore it is possible to stream the kinematics from group to group until the entire mechanism is solved. The solution is developed in the direction of the structural sequence of the mechanism using the required modules (Fig. 3) . To complete the force analysis the last group in the structural sequence is isolated. The pair reactions are solved using the correspondent kinetostatics module. The solution comes from group to group in the opposite way of the structural sequence until the driving force or torque is solved (Fig. 3) . The analytical solution of the kinetostatics of structural groups without friction in the kinematic pairs results in a linear problem. However, when friction in the kinematic pairs is allowed the problem becomes non-linear and complex. In particular for a second-class first-type structural group, an exact analytical solution allowing for friction results in a 16-degree equation (Baranov, 1979) . Therefore, a simpler estimation method is needed.
Artobolevski (1988) proposed a graphical approximated method for the inverse dynamics of structural groups allowing for friction. This method could be implemented with a parametric CAD program, but it is not practical for the analysis of complex mechanisms nor for multiple configurations of a mechanism. Baranov (1979) recommends not applying this method when the analyzed mechanism is near to self-locking. In such configurations, the influence of friction forces is major and the approximation could not be valid. In mechanisms self-locking is defined when the work of the driving forces is not enough to overcome the resistive forces different from the workloads, e.g. the friction forces actuating on the kinematic pairs. When a mechanism is near to self-locking its mechanical efficiency comes to zero, Eq. (1).
where the mechanical efficiency (η ) is defined as the ratio of the work of the useful resistive loads (workloads) to the work of the driving forces. To analyze complex mechanisms and for multiple configuration analysis a computer aided analytical solution is desirable.
To obtain an iterative analytical solution of the kinetostatics of a structural group allowing for friction in the kinematic pairs that is suitable to be implemented as computer code, the methodology presented in Fig. 4 is proposed:
1. To obtain a kinetostatic (D' Alembert) formulation without friction forces and moments for the structural group. Analytical solutions of the pair reactions are formulated.
2. To establish a friction model for the kinematical pairs in the structural group. Several options are allowable for the pair friction models, from a simple Coulomb model to a Dahl model (Pennestri, Valenti and Vita, 2007) .
3. To include the friction forces and moments in the kinetostatic formulation (as external loads).
4. To codify an independent computer function with successive approximation process for the pair force calculation of the structural group.
5. To develop a parametric computer aided drawing (CAD) validation for pair forces in the structural group. Calle, Quintero and Díaz (2002) proposed a parametric CAD method for the kinematics of planar mechanisms that is expandable to the kinetostatics. As an example of the proposed methodology, the kinetostatic model allowing for friction of the second-class first-type structural group is developed in the next section. This methodology is expandable to other second-class or high-class Assur groups.
Kinetostatics of the Second-Class First-Type Assur Group
For the kinetostatic analysis of the second-class first-type Assur group neglecting for friction in the kinematic pairs are known parameters:
1. The geometry of the links, 2. The kinematics of the structural group, and 3. The inertial parameters of the links.
Figure 5 presents a dynamic equilibrium diagram of the secondclass first-type structural group neglecting for friction in the kinematic pairs. Solving the dynamic equilibrium over the entire group by the x and y components:
where corresponds to the force of link p over link q, . , are the sum of the external and inertial forces over links i and j correspondently. 
where is the sum of the external and inertial moments over link p, and is the sum of the force moments of external and inertial forces actuating on link p with respect to C, Equations (2)- (5) form a linearly independent system for the reactions and neglecting for friction in the kinematic pairs.
To calculate the reaction on the C pair the sum of forces over link i or j can be solved. Taking the sum of forces over link i by the x and y components:
To estimate the kinematic pair reactions with friction effects it is necessary to calculate the friction moments in the kinematic pairs , , and , Fig. 6 
where r is the radius of cylindrical element on the pair, f ′ is the friction coefficient on the rotational pair and F is the load over the shaft. The friction moment is opposite with respect to the relative movement of the links forming the pair. The friction coefficient for a rotational pair is greater than the nominal friction coefficient between the materials forming the pair. An accepted estimation is to calculate it as of the friction coefficient between the materials (Baranov, 1979) . However, a more sophisticated estimation of the coefficient can include mechanical characteristics of the joint, e.g. parameters of the bearing forming the pair. With the assumed model (Eq. (8)) the initial estimation of the friction moments in the kinematic pairs of the second-class first-type structural group is as follows:
where p ω is the angular velocity of the link , is the friction coefficient in the rotational pair Q , sgn() is for the sign function and is the radius of the cylindrical element forming the pair, , . Including the friction moments in the kinetostatics formulation, Eqs. (4)- (5): 
=
In Eqs. (12) and (13), the friction moments are functions of the magnitude of the radial forces on each rotational pair. Therefore, it is not possible to determine linearly the reactions , and by means of Eqs. (2), (3), (6), (7), (12) The problem is reduced to the solution of the kinetostatics neglecting friction by the linear set of Eqs. (2)- (7).
Assuming a friction simplified model, Eq. (8), the initial estimation of the friction moments is calculated by Eqs. (9)- (11).
3. Using the estimated values of the friction moments calculated in 2, a new set of reactions , , are determined by the set of Eqs. (2), (3), (6), (7), (12) 5. The iteration process finishes when the difference of the magnitude of the reactions on consecutive calculations is small enough. The maximum difference can be defined depending on the units and magnitudes of the reactions calculated in the analysis. In this sense, the difference depends on the analyzed mechanism. As an example, the four-bar mechanism analyzed in forward section contains a second-class first-type Assur group. The magnitude of the reactions in the Assur group is of order N. The reference value for the difference of the reactions between calculations was defined as N. The method of modeling presented here for the kinetostatic analysis allowing for friction in the kinematic pairs of the secondclass first-type Assur group is expandable to any other second-class or high-class Assur group. Next section presents the modeling of the rotational driving mechanism allowing for friction in the rotational pair.
where p ω is the angular velocity of link , 
Kinetostatics of the Rotational Primary Mechanism
Figure 8 presents the dynamic equilibrium diagram for a rotational driving mechanism with a torque input and friction moment in the rotational pair. The sum of forces for the dynamic equilibrium is:
Equations (14)- (16) can be codified as an independent module or computer function. Such a function could be included in a chainbased GP library for the analysis of planar mechanisms.
As an application and validation of the exposed method the inverse dynamics of a four-bar mechanism allowing for friction in the rotational kinematic pairs is developed in the next section.
where is the sum of the external and inertial forces over link h and is the reaction in the rotational pair. The effect of other links forming pairs with link h is included as a external force and a external moment.
F Results
In this paper, a kinetostatic model of the second-class first-type Assur group is presented. The model allows friction in the kinematic pairs. The pair reactions are calculated using an iterative method avoiding non-linearities and complicated solutions. Although the obtained model is for the second-class first-type structural group, it is possible to extend the method of modeling (Fig. 4) to any secondclass or high-class structural group.
A simplified friction model is assumed to estimate the friction moments in the rotational pairs (Eq. 8), however, other models are allowed, e.g. a Dahl model for friction in rotational pairs (Pennestri, Valenti and Vita, 2007) .
Analytical models for the kinematics and kinetostatics of firstclass mechanisms and second-class structural groups were codified as modules of a computer library. If a graphic user interface (GUI) is used to develop the modules, then each structural group or driving mechanism is represented by a block. The structural sequence of the mechanism can be established wiring properly the blocks, Fig. 9 . It is possible to solve the reaction using directly Eq. (14). Once the reaction is solved it is possible to determine the required input torque for the dynamic equilibrium. Calculating the sum of moments with respect to
A computer aided graphical validation of the presented modules was developed using a parametric CAD software (SolidWorks). SolidWorks is a product of Dassault Systèmes SolidWorks Corp. A second-class mechanism including a first-class rotational mechanism and a second-class first-type structural group is used as a validation model. where is the required input torque for the dynamic equilibrium, is the sum of the external and inertial moments and is the sum of the force moments of the inertial and external forces with respect to A.
Modular Kinetostatics of a Four-Bar Mechanism
Figure 10 presents a four-bar mechanism with parameters specified in Table 1 . For the analysis, the mechanism is assumed to be in steady state. The input angular velocity is assumed to be constant . The structural classification of the four-bar mechanism is:
The friction moment can be determined assuming a model for the friction in the rotational pair. Assuming a simplified friction model, Eq. (8), and including the sign function to determine the direction of the friction moment: where is for a driving mechanism with a rotational pair and
is for a second-class first-type Assur group. We assume that the kinematics of the four-bar mechanism is given. The kinetostatic analysis is developed for the range of movement of the input link with evaluations each rad. The modular kinetostatic analysis allowing for friction in the kinematic pairs of the four-bar mechanism is as follows:
1. To solve the kinetostatics of the second-class structural group formed by links 2 and 3. The module for the kinetostatics of the second-class structural group corresponds with the codification of the methodology described in previous section.
2. To stream the solutions in step 1 to the first-class mechanism and solve the input drive torque and reactions. The module for the kinetostatics of the first-class mechanism corresponds with the codification of the solution of the set of Eqs. (14)- (16). Figure 11 shows the kinetostatic analysis process of the four-bar mechanism. The results of the inverse dynamic analysis of the four-bar mechanism are presented in Figs. 12, 13 and 14. Three solutions are calculated:
1. Calculating pair friction effects using a modular approach and the successive approximation method proposed here.
2. Calculating pair friction effects using a joint-based MBS dynamic program (rough calculation of pair friction forces without iteration in SimMechanics). SimMechanics is a product of MathWorks Inc. Most of commercial MBS simulation softwares allow an approximate calculation of friction forces without iteration, e.g. classical (stiction) friction.
3. Neglecting friction in the kinematic pairs.
The following analysis outputs are presented: the required driving torque (Fig. 12) , the required power to overcome the friction in the kinematic pairs (Fig. 13) , and the reaction at pair D (Fig. 14) . The criterion for breaking the iteration process was established as N for the difference on consecutive calculations of the magnitude of the pair reactions in the 3) ( 10 1 − ⋅ RRR II structural group. The results solving the inverse dynamics problem by the method of successive approximation developed here and by using a MBS dynamic simulator are basically coincident. However, the solution presented here is straightforward with respect to the MBS dynamic simulation, because it does not require the solution of any differential equation of movement.
Computer Aided Graphical Validation
A computer aided graphical solution using a parametric CAD software (SolidWorks) was developed as a validation of the secondclass first-type structural group module. Such a validation uses the successive approximations method by Artobolevski (1988) with three iterations. The validation was performed using the four-bar mechanism proposed in previous section. Ten equally-spaced configurations of the driving mechanism were evaluated for the reactions at pairs B, C and D. The maximum difference between the calculation of the pair reactions using the analytical method of successive approximations proposed here and the graphical method with 3 iterations was lower than 0.1%. 
Known Limitations
The analytical method for the kinetostatic analysis of Assur groups allowing for friction in the Kinematic pairs presented here is not adequate in cases in which the mechanism is near to selflocking. Self-locking occurs when the work of the driving forces is not enough to overcome the resistive forces different from the workloads. In such configurations, the influence of friction forces is important and an approximated estimation comes to big calculation errors (Baranov, 1979) .
The proposed analysis method does not consider singular configurations of the mechanism. The definition of singular configurations adopted here corresponds to the definition of (Gosselin and Angeles 1990) . For serial singular configurations the analysis is not adequate if the mechanism is near to self-locking. For parallel and architectural singular configurations the proposed kinetostatic analysis method must be avoided.
Conclusion and Prospective
The performance of a mechanism during its periodic movement depends of the work needed to overcome the productive and nonproductive resistances. Usually non productive resistances appears principally because of friction. In mechanisms the calculation of reactions with friction usually comes into a non-linear problem. Therefore, approximated methods of calculation as the ones developed here are practical and useful.
The analytical solutions for the kinetostatics of structural groups allowing for friction in the kinematic pairs presented in this paper correspond to the so called general purpose programs based on chains (modular approach). The modular approach allows to codify computer functions with emphasis placed on the users finding the input data structure easy to understand. Therefore, very complex planar linkages may be described using a simple and familiar form of the input data.
A methodology is proposed for the development of the kinetostatic analytical models of structural groups allowing friction in the kinematic pairs (Fig. 4) . Such a methodology is based on an iterative, but practical solution. With respect to commercial software the proposed modular approach for the kinetostatic analysis of mechanisms has the following advantages:
1. The modules for mechanism analysis developed by this method preserve the characteristics of the GP programs based on kinematic chains: computational efficiency and flexibility. As consequence, with respect to commercial MBS simulation software the flexibility is comparable. In the case of MBS simulation software, the complexity of the mechanisms that can be analyzed depends on the number of joints that are coded. In the case of the modular approach, the complexity depends on the structural groups that are coded. However, most of industrial mechanisms are formed only by driving mechanisms and second-class structural groups.
2. With respect to commercial MBS simulation software the proposed methodology is straight-forward because it does not require the solution of any differential equation of movement.
Future work is proposed developing modules for the analysis of high-class structural groups, structural groups with prismatic joints, and inclusion of more elaborated friction models of the kinematic pairs.
